At present, the Boer-Mulders (BM) function for a given quark flavour is extracted from data on semi-inclusive deep inelastic scattering (SIDIS) using the simplifying assumption that it is proportional to the Sivers function for that flavour. In a recent paper we suggested that the consistency of this assumption could be tested using information on so-called difference asymmetries i.e. the difference between the asymmetries in the production of particles and their anti-particles.
I. INTRODUCTION
There is a major effort at present to progress beyond a knowledge of collinear parton distribution functions (PDFs) and fragmentation functions (FFs) and to obtain information about the transverse momentum dependent (TMD) versions of these functions. In extracting these distributions from data a standard parametrization is usually adopted (see for example [1] ), which involves various simplifying assumptions. In addition, because of lack of sufficient data, additional relations between different TMD-functions are sometimes assumed. We focus on, and examine, the particular assumption that the BM functions for a particular flavour are proportional to the Sivers functions of the same flavour.
In our recent paper [2] we showed that the difference asymmetries in SIDIS allow the determination of the valence quark TMDs in a model independent way, without any assumptions about the sea quark or gluon densities. Also, that using the difference asymmetries, one can test many of the basic assumptions in the standard parametrization, such as factorization of the x B -and z h -dependencies, the Gaussian flavour-and hadron-independent k ⊥ -behaviour etc.
In [2] we derived two types of relations -between the cos φ h , cos 2φ h and Sivers asymmetries, that allow tests of the simplifying assumption used in extracting the Boer-Mulders (BM) function i.e. its proportionality to the Sivers function [3, 4] , an assumption motivated by model calculations [5] . In addition, present analyses make a further assumption concerning the Q 2 evolution of these functions for a given quark flavor, which, as explained in the next Section, is theoretically inconsistent. Our previously published tests [2] were formulated without taking into account the Cahn effect, which inevitably contributes to these asymmetries. In this paper we show how these tests are modified when the Cahn effect is included.
We then use COMPASS SIDIS measurements of the cos φ h , cos 2φ h and Sivers asymmetries on a deuteron target to test for the consistency of the assumed relation between BM and Sivers functions.
We work with the so called difference asymmetries of the following general structure. If the asymmetries for h + and h − have the form
where σ h + , h
− and ∆σ
− are the unpolarized and polarized cross sections respectively, then
The difference asymmetries are expressed in terms of the usual asymmetries A h + , h − and the ratio of the corresponding multiplicities [6] :
where r is the ratio of unpolarized SIDIS cross sections for production of h − and h + : r = σ
As shown in ref. [2] , the advantage of using the difference asymmetries is that, based only on charge conjugation (C) and isospin (SU(2)) invariance of the strong interactions, they are expressed purely in terms of the best known valence-quark distributions and fragmentation functions; sea-quark and gluon distributions do not enter. For a deuteron target there is the additional simplification that, independently of the final hadron, only the sum of the valence-quark distributions enters.
The paper is organized as follows: the notation and conventions for the various TMD functions and the used experimental asymmetries are explained in Sections II and III; in Section IV we formulate the two tests for the assumed relation between the BM and Sivers functions. They are based on the cos φ h and cos 2φ h azimuthal asymmetries of the final hadrons in unpolarized SIDIS, and the Sivers asymmetry for unpolarized leptons on transversely polarized nucleons. Because the above two unpolarized asymmetries receive contributions from both the BM and Cahn effects, we are able also to extract information about the Cahn effect; in Section V we apply these tests using the COMPASS SIDIS data on deuterons.
II. PARAMETRIZATION OF THE TMD DISTRIBUTIONS

A. The polarized parton distribution functions
Conventionally, a typical spin-dependent TMD density ∆f (k ⊥ , x B , Q 2 ) has been parametrized following several simplifying assumptions:
1) The transverse-momentum dependence on k ⊥ is factorized from the x B -dependence.
2) The k ⊥ -dependence is flavour and hadron independent, and usually assumed to be a Gaussian. We adopt these two simplifications.
3) An additional simplifying assumption is that TMD functions are proportional to the related collinear parton distribution functions (PDFs) and fragmentation functions (FFs). The Q 2 -evolution is usually assumed to be given via the collinear PDFs and FFs, i.e. making the ansatz:
This is, however, physically unacceptable because it leads to gluons contributing to the evolution of non-singlet combinations of quark densities. Since we deal here only with valence quark densities we replace this simplification by an ansatz for the valence-quark densities. Hence we take the Q 2 evolution to be controlled via:
Note, however, that we do not think this difference in approximating the evolution is important when assessing the impact of our tests on the published BM data. In this paper we consider only the difference asymmetries on a deuteron target. As mentioned earlier, in these asymmetries only one combination of parton density enters -the sum of the valence-quark TMD functions:
Below we present the parametrizations of the valence-quark Q V unpolarized, BM and Sivers distributions and the Collins FFs following the above simplifying anzatz. We work in the approximation O(k ⊥ /Q), neglecting terms of the order O(k
It relates the transverse momentum of the produced hadron to the transverse spin of the quark and and leads to nonuniform azimuthal distribution of final hadrons around the initial quark direction.
The valence-quark Collins functions ∆
2 ) are parametrized [2] proportional to the corresponding
where
The unknown quantities are N h/uV
which characterizes the p ⊥ -dependence. As mentioned earlier, p 2 ⊥ is known from multiplicities in unpolarized SIDIS.
III. THE UNPOLARIZED AZIMUTHAL AND SIVERS ASYMMETRIES
The general expression for the difference cross section in SIDIS, for unpolarized leptons on transversely polarized nucleons, with polarization 
Here we have kept only the terms relevant to the considerations in this paper: F cos 2φ h ,h−h UU and F cos φ h ,h−h UU get contributions from both the BM functions and the purely kinematic Cahn effect; F sin(φ S −φ h ),h−h UT gets a contribution from the Sivers function; F h−h UU determines the unpolarized cross section without φ h -dependence. They involve convolutions of the corresponding valence-quark TMD parton densities and FFs [2, 8] .
Here P T is the transverse momentum of the final hadron in the γ * -nucleon c.m. frame, and z h , Q 2 and y are the usual measurable SIDIS quantities:
with l and l ′ , P and P h the 4-momenta of the initial and final leptons, and initial and final hadrons. Note that
where M is the target mass (in this paper the deuteron mass) and E the lepton laboratory energy. Throughout the paper we follow the notation and kinematics of ref. [1] . In current analyses [3, 4] , in extracting the BM function, an additional simplifying assumption is made, namely, the BM function is taken proportional to its chiral-even partner -the Sivers function. Clearly the resulting BM function depends critically on the validity of this assumption. Our fundamental aim is to check this key assumption using only measurable quantities -the difference asymmetries, and without requiring any knowledge about the TMD functions.
The difference azimuthal cos φ h , cos 2φ h and sin(φ S − φ h ), Sivers, asymmetries that single out these terms are:
The corresponding x B -dependent asymmetries, integrated over P 2 T , z h and Q 2 , that we shall work with, are:
IV. TESTS FOR THE RELATION BETWEEN THE BM AND SIVERS FUNCTIONS ON A DEUTERON TARGET
In the difference asymmetries on deuterium, only the sum of the valence-quarks Q V = u V + d V enters for any final hadron h. Therefore, in contrast to the currently used assumption of proportionality between BM and Sivers functions for each quark and anti-quark flavour, we assume the simpler relation:
where λ QV is a constant. Using the parametrizations (11), Eq. (27) implies that the k ⊥ -dependencies in BM and Sivers functions are the same, while the x B -dependencies are proportional:
The cos φ h and cos 2φ h azimuthal asymmetries in unpolarized SIDIS receive contributions from both the BM function and the purely kinematic Cahn effect. The connection (27) between the BM and Sivers functions leads to relations between the BM induced contributions in cos φ h or cos 2φ h and the Sivers asymmetries. Here we present the resulting relations between the x B -dependent cos φ h or cos 2φ h and Sivers asymmetries. These relations are particularly simple and predictive if the bins in x B are small enough, so as to neglect the Q 2 -evolution of the collinear functions inside the bins.
A. Tests based on the asymmetry
Here we present the relation between the x B -dependent cos φ h and Sivers asymmetries on a deuteron target, when the Q 2 -evolution of the collinear parton densities and fragmentation functions can be neglected inside the considered x B -bin. The standard parametrizations (7), (8) and (11), (12) are used. 
Here C h Cahn and C h BM are constants, given by:
The function Φ(x B ) is completely fixed by kinematics, the same for all final hadrons: 
2. Following the same path, for the x B -dependent Sivers difference asymmetry on a deuteron A
can be neglected, we obtain [2] :
there is no sum over quark flavour and (b) the parton density Q V cancels out, being the same in the numerator and denominator. (27) we have:
If the BM distribution is related to Sivers distribution by relations
which expresses the unknown x B -dependence of the BM-distribution in terms of the measurable x B -dependent Sivers asymmetry. The assumed relation (27) between the BM and Sivers functions then leads to the following relation between the x B -dependent azimuthal cos φ h -asymmetry A cos φ h UU ≡< cos φ h > and the Sivers asymmetry on a deuteron target:
Here the function Φ(x B ) and the constant C 
There are two important consequences of Eq. (42), that we shall use further:
1) It represents a direct and simple test of the relation (27) between the BM and Sivers TMD-functions, in which only measurable quantities enter, and no knowledge about the TMD functions is required.
2) The different x B -dependences of the Cahn and BM contributions, allow us to disentangle the Cahn contribution from the BM one in our fits to the experimental data.
B.
Tests based on the asymmetry A cos 2φ h U U
The asymmetry A
cos 2φ h UU has two contributions: the leading twist-2 contribution from BM function and the twist-4 contribution of 1/Q 2 -order from the Cahn effect.
Following the same path as in obtaining Eq. (29) (details are given in Appendix B), we obtain the x B -dependent difference asymmetry on a deuteron, A
(x B ). The only difference is that the integration from the convolution in k ⊥ , in the contribution from the Cahn effect, cannot be carried out analytically and it remains in the final expressions -these are the integrals over φ and k ⊥ in Eq. (48). Here we give only the final expression.
For the x B -dependent difference asymmetry on a deuteron A
, when the Q 2 -dependence in Q V and in the FFs can be neglected, we obtain:
whereΦ(x B ) is a completely fixed kinematic function, the same for all final hadrons:
The contribution from the Cahn effect is of order 1/Q 2 compared to the BM contribution. The constantsĈ
2. The Sivers asymmetry is given in (39).
3. The assumed relation (27) between the BM and Sivers functions leads to the following relation between the x B -dependent azimuthal cos 2φ h -asymmetry A cos 2φ h UU ≡ cos 2φ h and the Sivers asymmetry on a deuteron target:
This relation and Eq. (45) were previously obtained in [2] without including the 1/Q 2 -Cahn contribution. However, as present measurements are performed at rather low Q 2 , now we have included the 1/Q 2 -suppressed Cahn contribution as well. This is important for comparing to existing data, which we shall do in the next Section. The constantsĈ h BM is expressed in terms of the parameter λ QV and the TMD-fragmentation functions:
The
The relations (42) and (50) between the Sivers A
(x B ) and the unpolarized azimuthal A
h i are parameters, represent: 1) two independent direct tests of the assumed relation (27) between the BM and Sivers functions, in which only measurable quantities enter, and no knowledge about the TMD functions is required and, 2) two independent ways for extracting the Cahn contribution from data.
V. TESTS USING THE COMPASS DATA FOR h ± PRODUCTION ON A DEUTERIUM TARGET
Here we test relation (27) for positive and negative charged hadron production [6] :
Here r is the ratio of the unpolarized x B -dependent SIDIS cross sections for production of negative and positive hadrons
measured in the same kinematics [6] . As the available data for the different asymmetries is in different x B -bins, which do not match we need to interpolate the data. It turns out that a linear interpolation is adequate. Hereafter we work with the interpolation functions A h ± J (x B ) only. When we determine the errors of the difference asymmetries we assume that data is not correlated. Second, we choose the Q 2 interval where the Q 2 -dependence of the collinear PDF's and FFs can be neglected. In the COMPASS kinematics to each value of Q 2 corresponds one definite value of x B , thus fixing the Q 2 interval we fix also the x B -interval. Using the available CTEQ parametrizations for the PDFs [22] , we see that there is almost no Q 2 -dependence in the valence-quark distributions u V and d V in the whole Q 2 -range covered by COMPASS, . The problem with this approach, however, is that the Cahn constants depend both on the chosen parametrizations for the FFs, which don't differ so much, and on the values of the parameters k 2 ⊥ , p 2 ⊥ , which, as discussed in Section (II B), are rather poorly known and vary considerably. Consequently the main interest in this second approach will be to compare the calculated Cahn constants with those determined by fitting the parameters as in (A) above.
The used
which take into account the different widths of x B -bins in which the data is collected. Here F exp (x B ) andF exp (x B ) denote the proper combinations of experimental data -the l.h.s. of eqs. (42) and (50), while
are the corresponding theoretical expressions -the r.h.s. of (42) and (50):
In this way the tested relations are put in the standard form "experiment"="theory". Note however, that the situation here is rather peculiar because the errors of experimental data ∆F exp (x B ) and ∆F exp (x B ) contain not only the errors of the asymmetries ∆A
and ∆A Siv UU,d , but the fitting parameter as well. We have:
In (53) the upper limit x f = 0.13 is fixed by the existing data for both A asymmetries, and x i is determined by the requirement that it is safe to ignore Q 2 -variation.
To test quantitatively the applicability of Eqs. (42) and (50) for small x B we have made series of fits with increasing x i starting with x i (min) = 0.006 and going up to x i (max) = 0.025 and we introduce the quantity χ 2 /∆x, which is In the next two subsections we present the obtained values and standard deviations of the fitted parameters. The values correspond to the best fit of the available data with χ 2 defined as above. We use Monte Carlo simulation in order to estimate the deviations of the fitting parameters. On the basis of the experimental data and assuming they have a Gaussian distribution we construct 10 3 sets of "virtual experimental data". For each virtual experimental data set we determine corresponding best fit parameters. Thus we obtain for each parameter C are presented on Fig. 3, panel (a) . Note that the Sivers
is almost zero and rather poorly determined, which suggests, and is proven in our fits, that the corresponding fitting parameter C h BM will be poorly determined.
• (A) The results of our fit in approach (A), when both C • (B) In approach (B) we need an expression for C h Cahn with integration over the measured P T interval in COMPASS:
where the limits of integration are [P T,min , P 
where we have used SU (2)-invariance for the pions, implying:
and D K + dV = 0, which follows from the quark content of kaons; this assumption is used in all present analyses in extracting the kaon FFs.
We use two of the available parametrizations for the FFs: AKK [27] and LSS [23] and find that the value of C Second, in parentheses, we give the total standard deviation due to both momenta and data errors.
To the best of our knowledge this is the first time that the Cahn contribution C h Cahn has been determined from data and it is puzzling that its value is in agreement with a calculated result based on the early values of the Gaussian parameters k and A
have opposite signs, which suggests a small contribution from the Cahn effect. This follows also from our theoretical formula Eq. (50) Table II . The results of approaches (A) and (B) are compared in Table II . The errors cited therein correspond to 1 standard deviation. As expected,Ĉ h BM is very poorly determined.
Here the calculated and fitted values ofĈ C. Comparision to the existing published extraction of the BM functions [3, 4] In this paper we have tested the assumption of proportionality of the BM and Sivers functions for the sum of valence quarks Q V = u V + d V , (eq.27). However, in ref. [3, 4] the BM functions have been extracted from the cos 2φ asymmetry assuming proportionality for each quark and anti-quark flavor q separately:
A legitimate question arises as to the compatibility of the two approaches i.e whether Eqs. (60) and (27) are compatible.
Here we study this question. Under the assumption of eqs.(60) one obtains:
Eq. (61) is compatible with our assumption of proportionality Eq.(27) if: Note that at
we have ∆ = 0 and we obtain Eq. (27) . Siv is taken from [28] and the values of λq are from [4] .
The values for λ u, d are those obtained in [4] assuming λū = −1, λd = +1 for the antiquarks i.e. λ u = 2.1 ± 0.1,
The parametrization of the Sivers function for each quark flavour is taken from [28] :
with
where: 
VI. CONCLUSIONS
We had shown previously [2] that data on difference asymmetries allow one to test the assumed relation of proportionality between the BM and Sivers functions, which is currently used in the extraction of the BM function from data. In the present paper we perform two independent tests of this assumption applied, however, to the sum of the valence-quark TMD distributions, (27) , using the COMPASS SIDIS data [20, 21] on the difference asymmetries A
. Both tests are consistent with this assumption in the same kinematic interval x B = [0.014, 0.13].
However, in the published extractions of the BM functions [3, 4] , obtained in a completely different kind of analysis, based on the available parametrizations of both Sivers and Collins functions, it is assumed that BM and Sivers functions are proportional for each quark and anti-quark separately (Eq.(60)). This would agree with our result, based only on measurable quantities, if λ u ≈ λū ≈ λ d ≈ λd ≈ λ QV , which does not correspond to the values and their errors obtained in [3, 4] .
We have also determined the kinematical Cahn contribution, both directly from a fit to the data (as far as we know for the first time) and from a calculation. The calculated values are very sensitive to the average transverse momentum-squared, k completely disagree with the much bigger present-day estimates. On smaller values for the intrinsic transverse momenta was suggested also in the covariant parton model [29, 30] . 
For the difference cross sections (h −h) on deuteron target it is only the sum of the valence-quark parton densities Q V enter these functions and for h = π + , K + , h + they read [8] :
The functions A cos φ h
Cahn and A cos φ h BM are independent of quark flavour and of the final hadron h:
Here the notation [D We can perform the integration over P T analytically and we obtain:
where we have used the standard parametrization Eq. (11) for the BM function, the notation A h Cahn,BM stands for:
For the unpolarized function F h−h UU,d , that normalizes the asymmetry, we have:
Thus, for the integrated over
we obtain:
¿From this expression it follows, that if one can neglect Q 2 -dependence in Q V (x B , Q 2 ) and in the FFs, the x B -and z h -dependencies will factorize. Also, Q V (x B ) in the numerator and denominator cancel out and for the x B -dependent difference asymmetry on deuteron A
(x B ) we obtain:
Further, after neglecting Q 2 -dependence in the collinear FFs, and replacing the integration over Q 2 by ∆Q 2 times the function evaluated at some average value Q (or equivalentlyȳ) for each x B -bin, we obtain the simple x B -dependent expression for the asymmetry:
The function Φ(x B ) is given in Eq. (33), it is completely fixed by kinematics, the same for all final hadrons. The constants C h Cahn and C h BM are determined by the expressions: 
Again we shall consider only difference cross sections (h −h) on deuteron target. In this case it is only the sum of the valence-quark parton densities Q V that enter these functions. For BM contribution on deuteron target for h = π + , K + , h + we have [8] :
where the flavour and hadron independent function A cos 2φ h BM (z h , P 2 T ) reads:
K is determined in Eq. (74).
Performing the integration over P T and using the standard parametrization Eq. (11) for the BM function, we obtain: The Cahn contribution to the asymmetry looks more complicated as the integration over k ⊥ that comes from the convolution of the TMD PDFs and FFs cannot be fulfilled analytically. Nevertheless it has the same structure:
where [D h qV ] is given in Eq. (35), and
For the integrated over P T contribution of the Cahn effect we obtain:
¿From Eqs. (89) and (93), and using Eq. (78), we obtain the following expression for the asymmetry A cos 2φ h ,h−h UU,d
:
Neglecting Q 2 -dependence in the x B -bins in Q V , the valence quark densities Q V in the nominator and in the denominator cancel out. Neglecting further, the Q 2 -dependence in the FFs and integrating over z h for the x Bdependent cos 2φ h -asymmetry we obtain:
whereΦ (x B ) = 2 (1 −ȳ)
